We study analytical properties of the five-loop anomalous dimension of twist-2 operators at negative even values of Lorentz spin. Following L. N. Lipatov and A. I. Onishchenko, we have found two possible generalizations of double-logarithmic equation, which allow to predict a lot of poles of anomalous dimension of twist-2 operators at all orders of perturbative theory from the known results. Second generalization is related with the reciprocity-respecting function, which is a single-logarithmic function in this case. We have found, that the knowledge of first orders of the reciprocity-respecting function gives all-loop predictions for the highest poles. Obtained predictions can be used for the reconstruction of a general form of the wrapping corrections for twist-2 operators.
Introduction
The anomalous dimension of composite gauge-invariant operators in N = 4 SYM theory can be calculated with the help of integrability. Integrability in the context of AdS/CFTcorrespondence [1, 2, 3] was found from the investigation of BMN-operators [4] in the leading order of perturbative theory in ref. [5] . 1 Generalization to the higher orders together with the investigations of the integrable structures from the superstring theory side, started in ref. [10] , allowed to formulate all-loop asymptotic Bethe equations [11] - [28] . For the operators with finite length the asymptotic Bethe equations will give non-complete result due to appearance of wrapping effects [29, 30] . The computations of wrapping corrections can be performed with integrability again [31] - [44] . Independent tests of the obtained results were performed with the perturbative calculations in refs. [45, 46, 47, 48] . Moreover, there are all-loop predictions coming from the Balitsky-Fadin-Kuraev-Lipatov (BFKL) [49, 50, 51] and double-logarithmic [52] - [57] equations: analytical continuation of the anomalous dimension of twist-2 operators should matched with corresponding all-loop results. However, we can do the inverse: we can use BFKL and double-logarithmic constraints for the reconstruction of wrapping corrections if the part coming from the asymptotic Bethe equations is already known. We have tried such method at four-loop order [30] , but at that time we did not have enough constraints and did not know a general structure of wrapping corrections for the twist-2 operators. Moreover, we did not use such remarkable property of anomalous dimension as generalized Gribov-Lipatov reciprocity [58, 59] .
The aim of this paper is analyze the general properties of the anomalous dimension of twist-2 operators. Investigations in this direction give us two new results, which provide a lot of constraints for the anomalous dimension of twist-2 operators. Both of these results are related with the generalized double-logarithmic equation. For the first time, a similar equation was suggested by Lev N. Lipatov and Andrei Onishchenko at 2004, but was not published. Then, it was improved by Lev N. Lipatov in ref. [30] . In section 2 we explain the method of analytical continuation, which we used, together with the obtained result. The generalized double-logarithmic equation will be written at section 3 and we give a remarkable consequence of this equation. Investigation of analytical continuation of the reciprocity-respecting function gives us one more remarkable result, which will be described in details in section 4. In section 5 we show, how obtained constraints can be used for the reconstruction of the wrapping corrections. In the end, we will discuss obtained results and perspective of their usage.
Double-logarithmic equation
The double-logarithmic asymptotics of the scattering amplitudes were investigated in QED and QCD in the papers [52, 53, 54] and [55, 56, 57] (see also arXiv version of ref. [60] ). It corresponds to summing the leading terms (α ln 2 s) k in all orders of perturbation theory.
In combination with a Mellin transformation, the double-logarithmic asymptotics allow to predict the singular part of anomalous dimensions near the point M = −2. For our purpose and in our notation double-logarithmic equation has the following form
The solution of this equation gives prediction for the highest pole (g 2k /ω 2k−1 ) in all orders of perturbative theory:
To study double-logarithmic equation (2.1) at higher-loop orders we need an analytical continuation of known result for the anomalous dimension of twist-2 operators. Analytical continuation can be performed in the following way. First of all we translate the five-loop anomalous dimension of twist-2 operators [61, 62, 30, 32, 34] 2 into canonical basis with the help of SUMMER package [64] for FORM [65] . Then, we use FORM package HARMPOL [66] for the inverse Mellin transformation of obtained expressions and for extraction of (ln x) k terms. At the end with the help of MATHEMATICA package HPL [67] we make the Mellin transformation into negative value M = −2 + ω. The result can be written as 
Perturbatively expanding this solution we can predict in all orders of perturbative theory all poles up to (g 2 /ω 2 ) k ω 2ℓ , if we know ℓ-loop anomalous dimension (or first ℓ orders in right hand side of eq. (3.2)). We can find also the relations between coefficients at poles if we substitute eq. (2.3) into eq. (3.2):
Taken coefficients with the same powers of g and ω we obtain:
where C k m = 0 if m < 0.
Reciprocity respecting function
Other interesting property comes from the consideration of the reciprocity-respecting function P(x) [58, 59] , which satisfies Gribov-Lipatov relation [68, 69] :
In Mellin space the reciprocity-respecting function P(M ) is related with the anomalous dimension through [58, 59] 
and can be found from the anomalous dimension with the help of the following equation [70] 
The combination of the harmonic sums entering into expressions for the reciprocity respecting function P(M ) for the twist-2 operators should satisfy some properties, which were proven in general in ref. [71] . 4 However, in our calculations [34] , we did not use the reciprocity respecting sums, but instead we used the binomial harmonic sums, which can be expressed through the combinations of the usual harmonic sums (see [34] for details).
Analytical continuation at
Thus, in order to find the analytical continuation of the reciprocity respecting function at M = −2 + ω we can use corresponding results for the anomalous dimension (2.3) replacing M with ω in eq. (4.3). We have found, that the leading singularities of P DL (ω) look like:
with
7)
This property can be proved in general, but we show, how it can be done in leading nontrivial case. We substitute eq. (2.3) into eq. (4.3), expand it up to second order of perturbative theory and will interested only with the highest pole
Using eq. (3.5), which in our case gives D 2
, one can verify, that the highest pole g 4 /ω 3 in eq. (4.10) is canceled.
The result (4.4) can be compared with the BFKL poles, i.e. with the anomalous dimension of twist-2 operators, which is analytically continued to M = −1 + ω:
12)
14)
In both case (4.4) and (4.11) we have the same single-logarithmic behavior of leading poles. Such simple structure of reciprocity-respecting function P DL (ω) in eq. (4.4) gives one more unexpected result: at any orders of perturbative theory the leading poles in ω near M = −2 + ω is defined through one-loop P DL (ω)! Indeed, substitute one-loop reciprocityrespecting function from eqs. 
Now, we extract from the above equation all terms, which is proportional to g 2 /ω 2 k ω 2 and simplify
The last equation is the solution of the original double-logarithmic equation (2.1) with the right hand side multiplied by (1 − ω), that is the generalized double-logarithmic equation (3.1). We can go further and can obtain all loop results for g 2 /ω 2 k ω ℓ terms from the first ℓ orders of the reciprocity-respecting function P DL (ω). 
with (cf. v5 of the arXiv version of [62] and [30] )
where S i = S i (r − 1). Using eq. (4.3) we can translate this result for anomalous dimension into reciprocity-respecting function
with the following coefficients
We see again a single-logarithmic behavior of the reciprocity-respecting function P DL (ω, r), i.e. it can be written as
We assume, that such form of reciprocity-respecting function P DL (ω, r) near negative even values of M will remain in all loops. In our paper [30] the following form of generalization of double-logarithmic equation was suggested: 5 
Wrapping corrections reconstruction
Let us suggest, that eqs. (3.2) and (4.25) will correct at all loops. This will give for us a lot of constraints to the anomalous dimension (or reciprocity-respecting function), which can be used for reconstruction of the wrapping corrections if ABA part is already known. Here, we show how it works at four loops. The result for ABA part can be found in ref. [30] . The analytical continuation of this result into M = −2 + ω has the following form (4.25) for reciprocity-respecting function P DL (ω) and from BFKL equation (4.11). Using the maximal transcendentality principle [60] and generalized GribovLipatov reciprocity [59] we can found, that at four loops we need 2 6 +2 3 +2 1 = 64+8+2 = 74 binomial harmonic sums in the basis for the rational, ζ 3 and ζ 5 parts correspondingly, according to four-loop result for Konishi [45, 46, 31, 47] . The binomial harmonic sums S i 1 ,...,i k are defined through (see [64] )
where S i 1 ,...,i k are the nested harmonic sums (see [64] )
However, if we suggest, that the wrapping effects can be imagine as a system of two spin chain, we will need consider the binomial sums, multiplied by S 2 1 (see ref. [32] ), that lowers the level of transcendentality. 6 There are 2 4 + 2 1 + 2 0 = 16 + 2 + 1 = 19 binomail harmonic sums in the corresponding basis: 1,1,1 , S 1,2,1,1 , S 1,1,2,1 , S 1,1,1,2 , S 1,1,1,1 
Conclusion
In this paper using analytical continuation of the five-loop anomalous dimension of twist-2 operators in N = 4 SYM theory we have found some new remarkable properties of anomalous dimension. Firstly, we have found, that the original double-logarithmic equation (2.1) is modified in the right hand side only with regular over ω terms (3.2) . This fact allows predict all-loop poles at M = −2 + ω from the ℓ-loop results up to (g 2 /ω 2 ) k ω 2ℓ terms (3.3) .
Secondly, we have found, that the reciprocity-respecting function P DL (ω) for the analytically continued five-loop anomalous dimension of twist-2 operators at M = −2 + ω behaves as single-logarithmic function (4.4), similar to the behavior of the anomalous dimension near BFKL poles. This property allows to find leading poles at any loop orders from the first terms of P DL (ω): the leading pole (original double-logarithmic pole) can be found from the leading order of P DL (ω), the next-to-leading pole (g 2 /ω 2 ) k ω 2 can be found from the first two orders of P DL (ω), the next-next-to-leading pole (g 2 /ω 2 ) k ω 3 can be found from the first three orders of P DL (ω) and so on. For M = −2 + ω this property does not give any new information with compare to generalized double-logarithmic equation (3.5), but we check, that the equation (4.4) will hold for all other negative even M = −r + ω, r = 2, 4, 6, . . . , which gives a lot of new predictions for the pole structure of the anomalous dimension (or constraints for the reciprocity-respecting function) near negative even M .
Up to now we known a small part of analytical structure of the anomalous dimension of twist-2 operators from BFKL equation, which is calculated up to next-to-leading approximation [73, 74] . In this paper we have found corrections to the double-logarithmic equation from the analysis of the analytically continued five-loop anomalous dimension of twist-2 operators without calculations of any corrections to the double-logarithmic equation itself. It will be interesting to find a similar method for BFKL equation too.
In the future, we are going to try to reconstruct the six-loop anomalous dimension of twist-2 operators in N = 4 SYM theory using generalized Gribov-Lipatov reciprocity and constraints from BFKL equation and generalized double-logs. Note again, that with eq. (3.2) we can control all transcendental structures at six loops from the five-loop result.
But first of all we should compute ABA part of anomalous dimension.
A. Coefficients of analytical continuation of anomalous dimension
In Appendix we are listed the coefficients in the equations (2.3), (3.2) and (5.1).
The coefficients in eq. (2.3) are equal to: The coefficients in eq. (3.2) are given by: 
